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ABSTRACT
We consider the matrix elements of the left-handed flavor-conserving four-quark
operators in the nucleon and pion states. Using chiral symmetry, we derive relation-
ships among these matrix elements. We argue that the ∆I = 1/2 rule of hyperon
and kaon non-leptonic weak decay implies possible large strange-quark content in
the nucleon and pion.
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The nucleon’s strange content has received considerable attention since the EMC mea-
surement of the proton’s spin structure function g1(x).
1 Many more deep-inelastic and (quasi)-
elastic experiments are now in running or have been proposed to make further measurement of
strange-quark matrix elements.2 Study of the nucleon’s non-valence degrees of freedom helps
us to understand better the role played by the sea of Quantum Chromodynamics (QCD). It
also provides clues for more realistic model-building and for finding better approximations to
solve QCD.
In this letter, we discuss the strange four-quark matrix elements in the nucleon and pion
states. Our discussion is motivated by a recent paper by Kaplan,3 who showed that the well-
known ∆I = 1/2 rule of hyperon non-leptonic weak decay implies large strange four-quark
matrix element, 〈P |u¯LγµsLs¯LγµdL|N〉. Our goal here is to elaborate on his result from the
relationships among four-quark matrix elements implied by chiral symmetry, and to show that
the vanishing strange-quark matrix elements are incompatible with the ∆I = 1/2 rule. Then
we extend our discussion to the pion and argue that accommodation of both the ∆I = 1/2
rule and vanishing strange-quark matrix elements requires a drastically different valence quark
model from what we have constructed. If there is a trail of pion large strange content here,
this may be the first that the pion has an intricate flavor structure.
Let us consider the following tensor of four-quark operators,
T ikjl =
1
4
q¯iγ
µ(1− γ5)qj q¯kγµ(1− γ5)ql, (1)
which will be denoted by (q¯iqj)(q¯kql), or simply q¯iqj q¯kql. The indices i, j, k, l run through
light-quark flavors u, d, and s. Color indices, unless specified explicitly, are coupled to singlet
in the quark pairs (i, j) and (k, l). The tensor is symmetric under simultaneous exchange
of i and k, and j and l, and thus symmetrizing i and k and anti-symmetrizing j and l, or
vice versa, yield a null result. We have therefore a total of 34 − 3× 6 × 2 = 45 independent
tensor components. The symmetrized tensor T
(ik)
(jl) has 6× 6 = 36 components and the anti-
symmetrized tensor T
[ik]
[jl] has 3 × 3¯ = 9 components. The former contains 27, 8, and 1
representations of SU(3)L and the latter 8 and 1 representations.
The construction of the operators belonging to different SU(3)L representations is stan-
dard. Here we present the result in order to specify the normalization we adopt. For 27, we
subtract away the trace of the symmetric tensor,
T¯
(ik)
(jl) =T
(ik)
(jl) −
1
5
[
T
(mk)
(ml) δ
i
j + T
(mi)
(mj)δ
k
l + T
(mi)
(ml) δ
k
j + T
(mk)
(mj) δ
i
l
]
+
1
20
T
(mn)
(mn)
[
δijδ
k
l + δ
i
lδ
k
j
]
.
(2)
For the symmetric and anti-symmetric octets we define,
OaS,A = (q¯αT
aqα)(q¯βqβ)± (q¯αT aqβ)(q¯βqα), (3)
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where the Gell-Mann matrices T a are normalized according to TrT aT b = 1/2δab. The re-
peated α and β indices denote summation over color, and the flavor indices are coupled in
each bracket implicitly. For symmetric and anti-symmetric singlets we define,
SS,A = (q¯αqα)(q¯βqβ)± (q¯αqβ)(q¯βqα). (4)
Any tensor component in eq. (1) can be decomposed into a sum of operators belong to
these five different representations. For diagonal hadron matrix elements, we are interested
in operators with no net flavor change. There are nine of them: u¯uu¯u, d¯dd¯d, s¯ss¯s, u¯ud¯d,
u¯us¯s, d¯ds¯s, u¯dd¯u, u¯ss¯u, and d¯ss¯d. Their decomposition into different representations is
straightforward,
u¯uu¯u = T¯uuuu +
2
5
O3S +
2
5
√
3
O8S +
1
12
SS ,
d¯dd¯d = T¯ dddd −
2
5
O3S +
2
5
√
3
O8S +
1
12
SS ,
s¯ss¯s = T¯ ssss −
4
5
√
3
O8S +
1
12
SS ,
1
2
(u¯ud¯d+ u¯dd¯u) = T¯udud +
1
5
√
3
O8S +
1
24
SS ,
1
2
(d¯ds¯s+ d¯ss¯d) = T¯ dsds −
1
10
O3S −
1
10
√
3
O8S +
1
24
SS ,
1
2
(s¯su¯u+ s¯uu¯s) = T¯ susu +
1
10
O3S −
1
10
√
3
O8S +
1
24
SS ,
1
2
(u¯ud¯d− u¯dd¯u) = 1√
3
O8A +
1
12
SA,
1
2
(d¯ds¯s− d¯ss¯d) = − 1
12
O3A −
1
2
√
3
O8A +
1
12
SA,
1
2
(s¯su¯u− s¯uu¯s) = 1
12
O3S −
1
2
√
3
O8A +
1
12
SA.
(5)
Likewise, we can decompose the ∆s = 1 non-leptonic weak decay hamiltonian density,
H = GF√
2
s1c14(d¯u)(u¯s). (6)
However, this hamiltonian density is defined at the scale of MW , the mass of the W boson.
Since we are interested in the non-perturbative part of the four-quark matrix elements, we have
to run down the scale using a renormalization group equation. The calculation is standard
and a recent reference shows,4,
H(µ = 1GeV) = GF√
2
s1c1
[
2.8T¯ duus + 0.28O
6+i7
S − 3.64O6+i7A + 0.003Q5 − 0.01Q6
]
. (7)
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where
Q5 = d¯αγ
µ(1− γ5)sαq¯βγµ(1 + γ5)qβ ,
Q6 = d¯αγ
µ(1− γ5)sβ q¯βγµ(1 + γ5)qα,
(8)
are generated from the penguin diagram and are interesting due to their distinct chiral struc-
ture.
We now consider the matrix elements of those flavor-conserving operators in the nucleon
and pion states. [Since the operators are scale-dependent, we assume to work at the scale
of 1 GeV.] To do that, we first map these quark operators onto operators containing baryon
and meson fields with the same flavor symmetry. We use the non-linear representations for
mesons and baryons employed in ref. 5: the Goldstone bosons octet is represented by a 3× 3
matrix,
Σ = exp(2ipi/fpi), (9)
where
pi =
1√
2


1√
2
pi0 + 1√
6
η pi+ K+
pi− − 1√
2
pi0 + 1√
6
η K0
K− K0 − 2√
6
η

 , (10)
and the baryon octet is represented by
B =


1√
2
Σ0 + 1√
6
Λ Σ+ P
Σ− − 1√
2
Σ0 + 1√
6
Λ N
Ξ− Ξ0 − 2√
6
Λ

 . (11)
Under chiral transformation, we have
Σ→ LΣR†,
ξ =
√
Σ→ LξU † = UξR†,
B → UBU †.
(12)
In constructing effective operators, we keep only leading terms in chiral perturbation expan-
sion. For 27, we have
T¯
(ik)
(jl) → aB¯
(ik)
(jl) , (13)
where the tensor B is,
B
(ik)
(jl) = (ξB¯ξ
†)ji (ξBξ
†)lk, (14)
and for 8’s,
OaS,A → FS,ATrB¯[ξ†T aξ, B] +DS,ATrB¯[ξ†T aξ, B]+, (15)
and finally for 1’s,
SS,A → ss,aTrB¯B. (16)
The seven parameters, a, FS,A, DS,A, and ss,a determine all matrix elements of the four-quark
operators between the baryon octet states plus an arbitrary number of Goldstone bosons.
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Using the above mapping, we calculate the matrix elements of the flavor-conserving
operators between the proton states,
〈P |u¯uu¯u|P 〉 = − 3
20
a+
1
5
(FS +DS) +
1
15
(3FS −DS) + ss
12
,
〈P |d¯dd¯d|P 〉 = 1
20
a− 1
5
(FS +DS) +
1
15
(3FS −DS) + ss
12
,
〈P |s¯ss¯s|P 〉 = − 3
20
a− 2
15
(3FS −DS) + ss
12
,
〈P |1
2
(u¯ud¯d+ u¯dd¯u)|P 〉 = − 1
40
a+
1
30
(3FS −DS) + ss
24
,
〈P |1
2
(d¯ds¯s+ d¯ss¯d)|P 〉 = − 1
40
a− 1
20
(FS +DS)− 1
60
(3FS −DS) + ss
24
,
〈P |1
2
(s¯su¯u+ s¯uu¯s)|P 〉 = 7
40
a+
1
20
(FS +DS)− 1
60
(3FS −DS) + ss
24
,
〈P |1
2
(u¯ud¯d− u¯dd¯u)|P 〉 = 1
6
(3FA −DA) + sa
12
,
〈P |1
2
(d¯ds¯s− d¯ss¯d)|P 〉 = −1
4
(FA +DA)− 1
12
(3FA −DA) + sa
12
,
〈P |1
2
(s¯su¯u− s¯uu¯s)|P 〉 = 1
4
(FA +DA)− 1
12
(3FA −DA) + sa
12
.
(17)
The coefficients in front of the invariant parameters are related to the SU(3) Clebsch-Gordon
coefficients.
If we assume that five strange quark matrix elements in eq. (17) vanish, we immediately
derive five relations among seven invariant parameters,
FA = −DA = 1
4
sa,
a = −1
3
ss,
FS =
5
12
ss,
DS =
1
4
ss.
(18)
Here we have taken sa and ss as independent. The rest four non-strange matrix elements can
be expressed in terms of these two parameters,
〈P |u¯uu¯u|P 〉 = 1
3
ss,
〈P |d¯dd¯d|P 〉 = 0,
〈P |1
2
(u¯ud¯d− u¯dd¯u)|P 〉 = 1
4
sa,
〈P |1
2
(u¯ud¯d+ u¯dd¯u)|P 〉 = 1
12
ss.
(19)
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The vanishing of the four-d-quark matrix element is a little surprising, but it can be simply
interpreted in valence quark models in which there is only one d quark and thus the two-body
matrix element must vanish. However, our result is independent of valence quark models and
is directly linked to the SU(3) symmetry and vanishing strange-quark matrix elements. The
relation between the four-u-matrix element and the ud-symmetric matrix element (the last
one in eq. (19)) is simply a consequence of isospin symmetry.
We argue, however, that the pattern of four-quark matrix elements shown in eqs. (18)
and (19) is inconsistent with the data on ∆s = 1 hyperon non-leptonic decay. To show this,
we map the hamiltonian in eq. (7) onto an operator with meson and baryon fields and use
it to calculate the hyperon decay rates. Here we neglect the contributions of the penguin
operators because of their small coefficients (a more careful analysis was made in ref. 3).
From fitting to experimental data,6 we have
0.07FS − 0.91FA = 1.4ηm
2
pifpi
2s1c1
,
0.07DS − 0.91DA = −0.58ηm
2
pifpi
2s1c1
,
(20)
and a is negligible. Here η is a phase factor, and time-reversal symmetry restricts η to ±1.
From eq. (18), the size of a restricts FS and DS to be small, i.e., the symmetric octet is also
strongly suppressed if all the strange quark matrix elements vanish. Then from eq. (20), we
find the ratio between FA and DA is −2.4, which contradicts with FA/DA = −1, which is
implied by eq. (18).
Thus some strange matrix elements must be large. From eq. (17) and the fact that a is
small, we have,
1
5
(FS +DS) = 〈P |(u¯u− d¯d)s¯s+ (u¯ss¯u− d¯sd¯u)|P 〉,
(FA +DA) = 〈P |(u¯u− d¯d)s¯s− (u¯ss¯u− d¯sd¯u)|P 〉. (21)
Combining these with eq. (20), we have,
〈P | − 0.56(u¯u− d¯d)s¯s+ 1.26(u¯ss¯u− d¯ss¯d)|P 〉 = 0.82ηm
2
pifpi
2s1c1
, (22)
which is the matrix element obtained by Kaplan,3 except for an isospin rotation.
In the rest of the letter, we show that the above line of discussion can be extended to
the pion’s matrix elements, although some arguments for the conclusion are less tight. In the
Goldstone boson sector, we have the following mapping for the four quark matrix elements:
T¯
(ik)
(jl) → a
f2pi
m2pi
P¯
(ik)
(jl) , (23)
where the tensor P
(ik)
(jl) is defined as,
P
(ik)
(jl) = (Σ∂
µΣ†)ji (Σ∂µΣ
†)lk, (24)
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and
OaS,A → bs,a
f2pi
m2pi
Tr[T a∂µΣ∂
µΣ†],
SS,A → ss,a f
2
pi
m2pi
Tr[∂µΣ∂
µΣ†], (25)
where we introduce five invariant parameters, a, bs,a, and ss,a. Using these, we obtain the
following four-quark matrix elements of the pion,
〈pi0|u¯uu¯u|pi0〉 = − 7
40
a+
1
30
bs +
1
12
ss,
〈pi0|s¯ss¯s|pi0〉 = − 1
40
a− 1
15
bs +
1
12
ss,
〈pi0|1
2
[u¯ud¯d+ u¯dd¯u]|pi0〉 = 13
80
a+
1
60
bs +
1
24
ss,
〈pi0|1
2
[u¯us¯s+ u¯ss¯u]|pi0〉 = 1
80
a− 1
120
bs +
1
24
ss,
〈pi0|1
2
[u¯ud¯d− u¯dd¯u]|pi0〉 = 1
12
ba +
1
12
sa,
〈pi0|1
2
[u¯us¯s− u¯ss¯u]|pi0〉 = − 1
24
ba +
1
12
sa.
(26)
The matrix elements of three other operators, d¯dd¯d, d¯ds¯s, and d¯ss¯d, are redundant because
of isospin symmetry.
If we assume all strange-quark matrix elements vanish, we derive three relations among
five invariant parameters,
ba = 2sa,
bs = −a = 2ss.
(27)
Three non-strange matrix elements are,
〈pi0|u¯uu¯u|pi0〉 = 1
2
ss,
〈pi0|1
2
[u¯ud¯d+ u¯dd¯u]|pi0〉 = −1
4
ss,
〈pi0|1
2
[u¯ud¯d− u¯dd¯u]|pi0〉 = 1
4
sa.
(28)
The first two matrix elements are again related by isospin rotation.
We now argue that eqs. (27) and (28) and the ∆I = 1/2 rule imply either a non-
conventional valence quark model or a large strange content in the pion. From the neutral
and charged K non-leptonic decay, we can extract the strengths of the 27 and 8,5
a = 1.4× 10−5ηGeV4,
0.07bs − 0.91ba = 2.14× 10−4η′GeV4.
(29)
–6–
To be more precise, the second equation above shall include the penguin contributions which
are potentially important in the meson sector due to the special chiral structure of Q5 and
Q6.
7 Since their precise size at 1 GeV is uncertain, we neglect it temporarily. Coupling eq.
(29) with eq. (27) we deduce,
ss = −0.7× 10−5ηGeV4,
sa = −1.2× 10−4η′GeV4,
(30)
and so |sa/ss| ∼ 17. Or, in terms of a ratio of non-strange matrix elements,
χ =
〈pi|u¯dd¯u|pi〉
〈pi|u¯ud¯d|pi〉 ≈ −1. (31)
One way to estimate the penguin contributions is to consider a chiral theory in the large
Nc (the number of color) limit. It was shown in ref. 8 that the corresponding effective operator
for Q6 is
−(fK
fpi
− 1)4m
2
Km
2
pif
2
pi
m2s
f2pi
m2pi
Tr[T a∂µΣ∂
µΣ†]. (32)
This contributes a term of 5.3 × 10−6GeV4 to the left hand side of the second equation in
(29). This is clearly too small to bring bs and ba to a same size. It is known that the large
Nc method is not always reliable
8, however, for the penguin to explain the ∆I = 1/2 rule,
the realistic penguin matrix element must be 40 times the large Nc result. A recent lattice
calculation shows that the large Nc estimate is correct in order of magnitude at least for the
K → pi matrix element.9 In light of this, we take eq. (31) as qualitatively true under the
assumption about the strange matrix elements.
This result, however, contradicts various valence-quark models for the pion. For instance,
in the non-relativistic quark model, we have,
χ = 1/3. (31)
The same result can also be obtained in the vacuum insertion approximation, in which the
matrix element of four-quark operators are calculated by inserting a physical vacuum in the
middle.7 In the MIT bag model, we find,
χ =
1
3
∫
(j40 + j
4
1 − 23j20j21)∫
(j20 + j
2
1)
2
, (32)
where j0 and j1 are upper and lower components of the bag wave function. Clearly, for any j0
and j1, χ is larger than zero, but smaller than 1/3. Thus either different four-quark operators
in these models acquire different renormalization constants, or the strange degrees of freedom
must be added explicitly, or both.
If the above discrepancy implies a large strange content of the pion, it is the first such
evidence. To support this claim, let us consider the matrix elements of a few familar strange
–7–
quark operators in the pion. The matrix elements of type 〈0|s¯Γs|pi0〉 clearly vanish due
to isospin symmetry. The matrix elements of type 〈pi0|s¯Γs|pi0〉 vanish exactly except for
Γ = 1. However, the chiral symmetry predicts 〈pi0|s¯s|pi0〉 = 0 up to high-order terms in chiral
expansion. The argument goes like this: using the first-order perturbation theory we calculate
the masses of Goldstone bosons, for instance,10
m2pi = 〈pi|muu¯u+mdd¯d+mss¯s|pi〉. (33)
On the other hand, we can calculate these masses from the axial current two-point functions,
m2pi = −
1
f2pi
(mu +md)〈0|u¯u|0〉. (34)
Matching these two results, we have
〈pi0|s¯s|pi0〉 = 0. (35)
Thus, it seems difficult to find evidence that the strange quark content is large in pion.
The ∆I = 1/2 rule is a solid experimental fact. To translate this into a statement about
strange content of the nucleon and pion is not entirely straightforward. The contributions of
penguin operators, particularly in the meson sector, must be calculated in a more reliable way,
although they seem negligible at the scale we consider. Our analysis in the effective theory
is made only at the tree order in chiral perturbation, and higher order corrections could be
large despite the folklore that they are typically at the level of 30%. Furthermore, in the
pion case we do not know the real value of χ and the available methods for evaluating it do
not explain the ∆I = 1/2 rule themselves. Finally, I should emphasize the scale dependence
of strange content. It is possible that large strange matrix elements at the scale of 1 GeV
become negligible at the scale, say, 0.2 GeV. However, besides the untrustworthy perturbation
evolution, no one knows the scale dependence of hadron matrix elements at low energy.
I thank A. Manohar and S. Sharpe for discussions on the penguin contributions.
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